In the current paper, time-varying formation tracking (TVFT) problems for second-order multiagent systems with external disturbances are studied. Based on the active disturbance rejection controller, a robust TVFT protocol is proposed, which contains the disturbance compensation. To restrain the influence of external disturbances, an extended state observer is designed to estimate the disturbance compensation using the control input and output information of the system. For the case that the desired formation trajectories are known, an approach to give the time-varying formation with a stationary transient process is proposed by constructing a tracking-differentiator, which actually plan a motion taking the shortest time along the desired trajectories. An algorithm is designed to determine the control parameter matrix of the protocol, in which the formation tracking feasibility condition is given. Finally, to verify the theoretical results, two numerical simulation examples are presented.
I. INTRODUCTION
Distributed cooperative control of multi-agent systems (MAS) has become a research hotspot and has been widely applied in many fields during the past few years [1] - [8] . As an significant research topic of cooperative control, formation control has a wide range of applications, such as rescue, transportation and surveillance, et al. As a matter of fact, some traditional approaches, such as leader-follower, potential function-based, behavior-based and virtual structure ones, were proposed to solve formation control problems of MAS in the past decades [9] - [11] .
Motivated by the rapid development of consensus theory [12] - [21] , consensus-based formation control approaches have aroused great attention from both engineering and scientific communities. Porfiri et al. [22] studied formation control and simultaneous tracking for MAS based on a two-level The associate editor coordinating the review of this manuscript and approving it for publication was Lin Wang. consensus approach. Sufficient and necessary conditions for MAS to achieve constant formation were presented in [23] . The connections between consensus problems and formation control of networked dynamic systems were discussed in [24] . These important results shown in [22] - [24] are focus on time-invariant formation control, while the time-varying ones are more general and practical. Dong et al. [25] studied time-varying formation (TVF) problems for MAS with switching interaction topologies. In some practical applications, MAS are required to track a trajectory while achieving TVF, where the trajectory is usually generated by an virtual/actual leader. For example, considering an unmanned aerial vehicle (UAV) swarm contains one leader and some followers. During the cooperative flying missions, only the leader can obtain environmental information and has the capability of track planning, so the followers have to follow the leader with forming and maintaining a desired formation. The states of followers tracking a desired trajectory determined by the states of multi leaders while form a desired VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ formation in [26] . Han et al. [27] addressed formation control and trajectory tracking problems for MAS with considering time-varying delays. The influence of switching topologies is considered in formation tracking problems of MAS in [28] and [29] . The fixed-time formation tracking problems of MAS were investigated with considering nonholonomic constraints in [30] .
Considering the fact that most practical MAS are facing external disturbances, it is of great significance to study the robust TVFT for MAS. The ADRC is a new robust controller, which is used to restrain the influence of internal and external disturbances on systems. The disturbances of the system are estimated by an extended state observer (ESO). Since the active disturbance rejection controller (ADRC) can be designed without the detailed mathematical model of the system, it has a wide-ranging applications in industrial areas [31] - [34] . For all we know, ADRC-based TVFT for MAS still needs further investigations.
Motivated by the above-mentioned facts, the current paper studies robust TVFT feasibility analysis and formation tracking protocol design for second-order MAS with disturbances. Firstly, a robust TVFT protocol containing the disturbance compensation term is proposed using local neighboring information. Based on active disturbance rejection theory, an ESO is designed to estimate the disturbance compensation and a tracking differentiator is designed to give the TVF. Secondly, the gain matrix of the protocol is further determined by introducing an algorithm. If the formation given by the tracking differentiator belongs to the feasible formation set. Finally, it is proved that the robust TVFT can be achieved by the designed protocol.
Compared with related works on formation tracking of MAS, the current paper has three new contributions as follows. Firstly, restraining the influence of external disturbances on MAS are considered in this paper, while the disturbance rejection control is ignored in [22] - [30] . Secondly, an ESO is designed to estimate the external disturbances. The ESO does not require exact model of the system and the ESO is designed in the time domain. The model-based observers require the exact model of the system and the robust filter designed in the frequency domain needs a transformation from the frequency domain to the time domain. Due to the above two characteristics, the ESO can be implemented directly in practical applications. Thirdly, a tracking-differentiator is constructed to give the TVF while the formation design is not considered in [22] - [30] . The TVF generator actually plans a series of velocity-optimal movements along the desired formation trajectories; that is, agents in the system that achieves the above-mentioned formation will pass the desired trajectory in the shortest time with satisfying certain constrains of velocity and acceleration.
The rest of the current paper is organized as follows. In Section II, some basic concepts about graph theory are shown and the problem description for TVFT is presented. Section III gives the main results. In Section IV, two numerical simulations is presented to demonstrate the theoretical. Finally, Section V shows some conclusion remarks.
Notations: R n denotes the n-dimension real column vector space and R n×n stands for the set of n × n dimensional real matrices. I N is utilized to represent the n-dimension identity matrix. 1 N stands for a n-dimension column vector with 1 as its elements. For simplicity, let 0 denote zero matrix of appropriate size with zero vector and zero number as special cases. R −1 , R T and R H represent, respectively, the inverse matrix, the transpose matrix and Hermitian adjoint matrix of R. The Kronecker product is denoted by notation ⊗.
II. PRELIMINARIES AND PROBLEM DESCRIPTION A. PRELIMINARIES ON GRAPH THEORY
The interaction topology of MAS can be described by a
is the weighted adjacency matrix. The nodes in the graph represent the corresponding agents in the system, and the edges in the graph stand for the corresponding interaction channels of the system. An edge of the graph is represented by
Denoted by N i the neighboring set of agent i. For any i, j ∈ {1, 2, · · · , N }, ω ij > 0 if and only if agent j is a neighbor of agent i, and ω ij = 0 otherwise. For any two nodes V i and V j of G, the graph G is strongly connected if there is a directed path from V i to V j . Let D = diag{d 1 , d 2 , · · · , d N } with d i = N j=1,j =i ω ij represent the in-degree matrix of G. L = D − W stands for the Laplacian matrix of G. Edges joining one node to itself are called loops and edges joining two nodes are called multiple edges. It should be pointed out that the interaction topology of MAS in this paper is described by a simple graph; that is, there are no loops and multiple edges in the graph.
B. PROBLEM DESCRIPTION
Consider a second-order multi-agent system with external disturbances, which consists of N agents. The system has a leader-follower structure, the definitions of leader and follower are shown as follows.
Definition 1: If an agent has one or more neighbors, then the agent is called a follower. If an agent has no neighbors, then the agent is called a leader.
Suppose that the second-order multi-agent system (1) consists of N − 1 followers and one leader, where the leader is labeled as agent N and the followers are labeled as agent 1 to agent N − 1. The follower subscript set is denoted by F = {1, 2, · · · , N − 1}. The dynamics of the agent i (i ∈ F) is described as
where
the velocity, position, control input and external disturbance vectors of agent i, respectively. α x ∈ R d×d and α v ∈ R d×d are constant coefficient matrix. The dynamics of the agent N is described as
where v N (t) ∈ R d and x N (t) ∈ R d are the velocity and position vectors of agent N . For the simplicity of derivation and computation, let d = 1. It should be pointed out that all the results derived under the condition of d = 1 are valid for high-dimensional cases by introducing Kronecker product. Remark 1: One can see that there are no control input term and external disturbance term in (2) , which means that the leader does not receive any information from the environment and the followers. Thus, the motion of the leader is determined by its own dynamics. α x and α v in (1) and (2) are the damping gains, which can be used to regulate the motion modes of agents in the system. When studying the motion control problems of some MAS, such as multi UAV system, the dynamics of the agent is usually simplified to a double integrator one, which can be described as (1) 
. Definition 2: For any given bounded initial state, multiagent system (1) is said to achieve TVFT if
(3)
is at the center of the formation f F (t). Therefore, target enclosing and target pursuing problems can be seen as a special formation tracking problem.
External disturbances of the system can affect followers to achieve desired formation and track the reference trajectory generated by the leader. To weaken the above effects caused by external disturbances, a robust TVFT protocol is proposed as follows:
where K = [k 11 , k 12 ] and α = [α x , α v ] are gain matrices, ω ij denotes the interaction weight from agent j to agent i, ω iN represents the interaction weight from the leader to agent i, z i (t) is the disturbance compensation term.
III. MAIN RESULTS
The current section investigates robust TVFT design and analysis problems for multi-agent system (1), sufficient conditions for MAS with external distubances to achieve robust TVFT are given. The disturbance compensation term z i (t) in (4) is determined by the following ESO:
where z i0 (t) ∈ R is an intermediate variable, β i1 and β i2 are bandwidth constants of the ESO.
In some practical formation tasks, the members of the formation are required to move from the starting positions along the desired trajectories to the target positions. In addition, minimizing the time required to perform formation tasks is of great practical significance. However, there is an upper bound for the dynamic performance of practical agents. For example, the speed and acceleration of an UAV are always bounded. The following tracking-differentiator is designed to
T , which can minimize formation task time while meeting the speed and acceleration constraints of agents.
where L denotes the distance along desired trajectory between the target position and the initial position. a max and v max stand for the maximum acceleration and speed of agent i respectively, x * i (t) represents the desired position of agent i, v * i (t) denotes the desired velocity of agent i. The definition of the function Limit(·) is given as follows:
and the function sgn(·) is the sign function.
Remark 3: An important task in designing a robust controller is to determine the disturbances of the system. From ESO (5), the disturbance compensation term z i (t) is estimated by the control input u i (t) and the velocity state v i (t). It is important to choose proper gains β i1 and β i2 when designing the ESO. In practical application, let β i1 = 2ω i0 and β i2 = (ω i0 ) 2 , where ω i0 denotes the sampling frequency of the ESO. To make the estimation result more accurate, it is usually required that ω i0 ≥ ω id , where ω id stands for the frequency of the disturbance d i (t) in (5) .
Remark 4: Tracking-differentiator (6) actually describes the process of a special linear motion. Specifically, if the desired distance L satisfies L ≤ v 2 max /a max , the velocity of agent i first increases from 0 to v (v ≤ v max ), then decreases from v to 0, and the acceleration of agent i is a max ; if L > v 2 max /a max , agent i accelerates uniformly at first, then starts to move uniformly when its velocity reaches v max , and finally decelerates. The velocity curve of the motion designed by the tracking differentiator (6) is is shown in FIGURE 1.
If the desired trajectory of agent i is a straight line, the TVF can be given as
and v * i (t) need to be further transformed to determine the desired TVF, and an example of formation instruction design based on tracking-differentiator (6) is given in the part of numerical simulation experiment in this paper.
Since multi-agent system (1) consists of one leader and N − 1 followers, one can obtain that the Laplacian matrix L of its interaction topology has the form as follows:
Then multi-agent system (1) with protocol (4) can be rewritten in the following compact form:
Assumption 1: For multi-agent system (1), there exists one or more directed paths from the leader to each follower.
Assumption 2: The external disturbances of system (1) are bounded.
Lemma 1: If Assumption 1 holds, one has that the real parts of all the eigenvalues of L 1 are positive; the sum of each row of −L −1 1 L 2 is equal to 1 and each entry of −L −1 1 L 2 is nonnegative.
Let η(t) = [η T F (t), η T N (t)] T , then system (1) can be rewritten aṡ (8) can be written aṡ
Let λ i (i ∈ F) denote the eigenvalue of L 1 , then it can be obtained from Lemma 1 that 0
then one can show that
It can be derived from Lemma 1 that
One can conclude from (10) that
Define
and (9) can be rewritten aṡ
The control gain matrix in protocol (4) is determined by the procedure with four steps designed as follows in Algorithm 1:
Theorem 1: Suppose that Assumption 1 and Assumption 2 hold. System (1) under the protocol (4) achieves the robust TVFT if the formation tracking feasibility condition (15) is satisfied.
Algorithm 1 TVFT Protocol Design Algorithm
Step 1. For a TVF determined by (6) for the followers, test the formation tracking feasibility condition
If (15) is not satisfied, the desired formation is infeasible and stop the algorithm; else continue the algorithm.
Step 2. For a given constant matrix R = R T > 0, the matrix P is determined by the following equation
Step 3. Choose a parameter δ satisfying δ > 0.5.
Step
Due to [0, η T N (t)] T = e N ⊗ η N (t), where e N ∈ R N is a matrix with 1 as its N th entry and 0 elsewhere, one gets from (17) that
One can obtain from (12), (17) and (18) that
Since T ⊗I 2 in (17) and (18) is nonsingular, one has that ξ f (t) and ξf (t) are linear independent. From (19) and (20) , it holds that
From (21), it can be derived that multi-agent system (1) under protocol (4) is said to achieve robust TVFT if and only if lim t→∞ ξf (t) = 0.
It follows from (18) that (22) can be converted into lim t→∞ ς(t) = 0.
Firstly, consider the stability of the following subsysteṁ
Construct a following Lyapunov functional candidate
Taking the time derivative of V i (t) along the trajectory of the system (24), it can be obtained thaṫ
It can be obtained from (13) that lim t→∞
and consider the stability of the following system:
The definition of 1-norm is given as follows:
denotes a matrix of m columns and n rows. The definition of H ∞ norm is given as follows:
where y(t) = [y 1 (t), y 2 (t), · · · , y n (t)] T stands for a n-dimentional function vector. It follows from (5) by taking Laplace transform that
It can be obtained from (29) that
where G i (s) = β i2 (s 2 + β i1 s + β i2 ). Let β i1 = 2ω i0 and β i2 = (ω i0 ) 2 , then one has
From (31) , one gets that
It follows from (28), (30) , (32) and (33) that
In the case where Assumption 2 holds, there exits two positive constant α ςi and δ ωςi such that
It can be derived that there exits two positive constant α ς and δ ως such that
From (4), (24), (27), (7) and (32), one can conclude that
where δ uς1 , δ uς 2 and δ uς 3 are positive constants. Substituting (37) into (36), one can get that there are two positive constant ς (t) and χ f such that
If B N −2 1 is bounded and ω i0 (i ∈ F) are sufficiently large, then it follows from (34) and (38) that
It can be derived from (39) that
where the two constants, χ md and χ mς , are positive. From (32), (33) and (40), one has
where i ∈ {1, 2, · · · , N − 1}, c N −1,i is a unit column vector with 1 as its ith element and 0 elsewhere. AsÂ r is Hurwitz, for any given positive constant ε, there exists a finite time T such that |ς i (t)| ≤ ε, t ≥ T . It can be obtained from (15) that
From (13), (28) , (41) and (42), it can be derived that lim t→∞ ς(t) = 0 if the formation tracking feasibility condition (15) is satisfied and Assumption 1 and Assumption 2 hold. Based on the above analysis, Theorem 1 holds. 
Remark 5:
The formation tracking feasibility condition (15) shows that the derivative of f ix (t) should be equal to f iv (t). A formation given by the tracking-differentiator (6) certainly satisfies the formation tracking feasibility condition (15) . If the formation satisfies that lim t→∞ N −1 i=1 f i (t) = 0, the results obtained in this paper can be utilized into the target enclosing problems of MAS. Moreover, it should be pointed out that since (B 1 B T 2 , I ) is stabilizable, the control gain K designed in Algorithm 1 exists.
Remark 6: The velocity state of system (1) is available, thus the ESO is constructed as a first-order one as (5) . For the case that the velocity state is not available, the ESO can be designed as a second-order one and the bandwidth constants can be β i1 = 3ω i0 , β i2 = 3ω 2 i0 and β i3 = ω 3 i0 . Moreover, it is important for practical control systems to avoid the set point jump, which can be achieved by constructing a transient profile that the output of the agent can reasonably follow. A time-optimal transient profile can be obtained by solving the differential equation (6) , where the maximum acceleration of agent i guarantees the fastest convergence from x * i (t) to L without overshoot. Since the multi-agent system (1) is a continuous-time system, the conclusions of this paper should be discretized when it is applied to practical systems. More details about designing a tracking-differentiator for discrete-time systems can be found in [35] .
IV. NUMERICAL SIMULATION
This section provides a comparative numerical simulation to demonstrate the obtained results. The theoretical results obtained above are applied to the formation tracking control of a UAV swarm in this simulation.
Consider a leader-follower UAV swarm system with one leader and three followers. The three followers are required to surround the moving leader while forming and maintaining an expected TVF. In order to test the disturbance rejection performance of the control protocol, the numerical simulations of formation tracking for the UAV swarm system under the protocol with disturbances compensation term and the protocol without disturbances compensation term are studied, respectively.
The interaction topology of the system is shown in FIGURE 2 and it is 0-1 weighted for simplicity. The dynamics of the follower and leader are modeled by (1) with α x = 0.035 
Re(λ 1 ) = 0.2451 and the graph is not strongly connected.
The maximum speed and acceleration of the UAV in the XOY plane are denoted by v XY max and a XY max and it is set that v XY max = 2 and a XY max = 10. Let δ = 12.6, R = I 3 , from Algorithm 1, one has P = 1.7719 1.0356 1.0356 1.5639 ,
The initial velocity states and position states of the UAV swarm are presented as follows:
The TVF of the three followers is determined by the designed tracking-differentiator. The three followers are required to circle around a point and be distributed equality on the circle. The radius of the circle is r = 2, and the center coordinates is (x 0 , y 0 , z 0 ) = (0, 0, 0). From Remark 4, since the desired trajectories of the three followers are not straight line, x * i (t) and v * i (t) need to be further transformed to give the desired TVF. The TVF generator is given as follows: where M C = 100 denotes the number of turns the followers make around the circle, f X ix (t), f Y ix (t) and f Z ix (t) are the components of f ix (t) along X, Y and Z axes respectively, f X iv (t), f Y iv (t) and f Z iv (t) are the components of f iv (t) along X, Y and Z axes respectively.
Since the leader does not receive any information from the environment and three followers and its initial velocity is v T 4 = [0, 0, 1], the trajectory of the leader is a vertical straight line. In the case that α x = 0.035 and α v = −0.2, position trajectory of the leader in Z direction is shown in FIGURE 3 . The external disturbances are generated by 
(43) significantly different from the desired trajectory determined by TVF. One can see from FIGURE 4(a) and FIGURE 4(c) that UAV 1, UAV 2 and UAV 3 can not track the trajectory of UAV 4. FIGURE 5 shows the formation control error of the followers, which is described by the distances between the actual positions of the follower and the desired position determined by the TVF. The formation tracking control error is shown in FIGURE 6, which is described by the distances between the leader's position and the follower's position in Z direction. FIGURE 5 and FIGURE 6 further show that the UAV swarm system with external disturbances can not achieve formation tracking under the protocol (43). The formation control error of UAV i (i = 1, 2, 3) is denoted 2 and the formation tracking control error of UAV i is represented by E i2 (t) = x iZ (t)−x 4Z (t), where x iX (t), x iY (t) and x iZ (t) are the components of position vectors of UAV i along X, Y and Z axes respectively, x 4Z (t) is the components of position vectors of UAV 4 along Z axes, f X ix (t) and f Y ix (t) are determined by the TVF generator.
Example 2: (With disturbance compensation) Illustrate the formation tracking control protocol of the UAV swarm contains disturbance compensation. The TVF protocol of the system is designed as (4).
In FIGURE 7 (b), one can see that the trajectories of followers are a set of concentric circles, which are almost identical to the circular trajectories described by the TVF .  FIGURE 8 and FIGURE 9 further show the control effect of the system by numerical results. It can be conclude from FIGURE 7, FIGURE 8 and FIGURE 9 that the system with external disturbances can achieve formation tracking under protocol (4) within a certain range of error.
To analyze the disturbance rejection control effect of syatem (1) under protocol (4), it is necessary to compare the results of Example 1 and Example 2. Take the simulation results of UAV 3 for example, the maximum value of formation control error is reduced from 0.4846 to 0.0378, the maximum value of formation tracking control error is reduced from 0.1794 to 0.0085. It can be concluded through the above analysis that system (1) under protocol (4) can achieve robust TVFT. A graph with 3 followers and 1 leader is considered in the numerical simulation. It is theoretically possible to extend the derived results to the cases with more or less followers. Moreover, one can obtain that a strongly connected graph is not necessary to achieve TVFT from FIGURE 2.
V. CONCLUSION
A new robust TVFT scheme with disturbance compensation was proposed to realize formation tracking control and disturbance rejection control. An ESO is designed to estimate and compensate the external disturbances of the system. A tracking differentiator was constructed to give the TVF with a stationary transient process. To determine the formation tracking protocol, an algorithm is presented to calculate the control gain matrix. The derived results can be extended to multiple leader case by designing corresponding TVFT protocol. As a part of the future work, a detailed and complex application based on main results in the current paper needs to be developed for formation control of practical MAS. More factors should be considered in the future researches, such as the impacts of time-varying delays and switching topology of MAS. Moreover, the derived results should be extended to MAS with antagonistic interactions. LE WANG received the B.S. and M.S. degrees from the Rocket Force University of Engineering, Xi'an, China, in 2014 and 2016, respectively, where he is currently pursuing the Ph.D. degree in control science and engineering. His research interests include optimal control, fault tolerant control, and multiagent systems.
